We study vertex corrections to the leptonic electroweak observables in the general MSSM at tan β < ∼ 35. In particular, we address the question of whether supersymmetry can be responsible for the observed 2σ deviation from the Standard Model prediction in the invisible width of the Z. We find that the presence of a light (around 100 GeV) chargino and sleptons hinted by the g µ -2 measurements makes the agreement with experiment slightly better and improves the electroweak fit.
Introduction
The recent BNL measurements of the muon anomalous magnetic moment have bolstered interest in supersymmetric models [1] . These measurements appear to deviate from Standard Model (SM) predictions by 2.6σ [2] . A conclusive statement can be made only after sufficient statistics have been accumulated and the status of the SM theoretical uncertainties has been determined unambiguously [3] . However, should this deviation persist and its error shrink, new physics would be required to explain it. Among the candidate models for new physics, supersymmetric models seem most promising [2] .
In addition to this possible deviation, there are a number of other discrepancies of similar size between the SM predictions and the experimental values of the electroweak observables. In particular, there is a more long-standing A b "anomaly" [4] , [5] which manifests in a 2.7σ deviation of the combined left-right asymmetry in Z → bb decays measured at LEP and SLD from the SM prediction. It has been argued that such a discrepancy is unlikely to be a result of a statistical deviation (see e.g. the work of Chanowitz in Ref. [4] ). The possibility of supersymmetric origin of this "anomaly" will be pursued in a subsequent paper. In addition, there is a 2σ deviation in the invisible width of the Z boson [5] , which appears as a deviation of the effective number of neutrinos from three:
N ν = 2.9835 ± 0.0083 .
Implications of these results for various models of new physics have been considered in Refs. [6] - [9] . In particular, it was found that models with R-parity violating interactions [6] , two Higgs doublet models at large tan β [7] , models with large extra dimensions [8] , and models with an extra gauge U(1) B−3L [9] not only fail to mitigate but in fact exacerbate the problem by generating radiative corrections of the "wrong" sign. This observation has resulted in stringent constraints on such models. In this study we analyze the effect of R-conserving supersymmetry on electroweak leptonic observables and, in particular, the invisible width of the Z boson. Motivated by the supersymmetric explanation of the BNL g-2 "anomaly", our study is focused on the question whether or not the Z invisible width "anomaly" can be explained with the same mechanism. In our analysis we perform a global fit to all relevant electroweak leptonic observables such as the R-parameters
the left-right asymmetries
and the forward-backward asymmetries
where h l L,R are the Zl L,R l L,R couplings and l = e, µ, τ . The 2σ deviation in R ν/e is related to the ∼ 2σ deviation in σ had = 12πΓ e Γ h /m 2 Z Γ 2 Z . We remark that R ν/e is not measured directly but rather calculated from the Z-line-shape observables. In principle, R ν/e could be affected by SUSY contributions to Γ(Z → hadrons); for example, a light bottom squark may improve agreement with experiment [10] . In this work, we concentrate exclusively on the leptonic sector.
We isolate the effect of the vertex corrections which are sensitive to the lepton/charginoneutralino sector of the MSSM. The oblique corrections are parameterized in our fit but not used to constrain the model due to their significant model-dependence, e.g. they depend sensitively on the Higgs sector, squark masses, etc. In addition, we let α s (M Z ) float in our fit since its SM value is extracted from R l . This strategy has been used previously and proven useful in placing generic constraints on complicated models of new physics [6] - [9] . We incorporate the electroweak data reported during summer 2000 conferences in our numerical analysis.
We present general formulae for the vertex corrections in terms of the low-energy quantities such as the chargino masses and mixings, left and right slepton masses, etc. We then impose the condition of the radiative electroweak symmetry breaking and analyze the GUT scale MSSM parameters which improve the electroweak fit. However, we stress
Supersymmetric Framework
We will study supersymmetric models with the following superpotential
and the high energy scale soft breaking potential
denotes all the scalars of the theory which transform under SU(2) as doublets (singlets). We generally allow for nonuniversal gaugino and scalar masses. Note that as a result of the SU(2) symmetry different isospin components of the doublets have the same soft masses at the high energy scale, whereas there is no similar requirement for the singlets. At low energies this degeneracy will be broken by the electroweak effects.
In what follows we use tan β, m 0α , A α , M i as input parameters and obtain low energy quantities via the MSSM renormalization group equations (RGE) given in Ref. [14] . We also assume radiative electroweak symmetry breaking, i.e. that the magnitude of the µ parameter is given (at tree level) by We perform our calculations using the two-component spinor technique (see the Appendix for the notation and conventions). The result is expressed as a correction δh f L,R to the tree level coupling h f L,R defined by
with
Neglecting the lepton Yukawa couplings, we have the following SUSY interactions * [15]
,
Here I 3 and Q are the lepton isospin and charge, respectively, and the superscript c stands for a charge conjugated spinor. The vertex structures O ij are given by
These interactions are to be expressed in terms of the two-component spinors. The implementation is trivial for all interactions except for L llχ + , which becomes
We remark that χ + denotes a Dirac spinor with a positive charge (not to be confused with a hermitian conjugated spinor).
The Z-χ 0 -χ 0 coupling can be simplified by taking advantage of the Majorana nature of the neutralino. For Majorana spinors ψ 1 and ψ 2 we have
Using this identity as well as O
Chargino Contributions
In this subsection we list expressions for Feynman diagrams containing charginos in the loop. Since the higgsino coupling to leptons can be neglected at tan β < ∼ 35, the charginos induce corrections to the left-handed couplings only. Below we present our results in terms of the corrections to the tree level
Definitions of the B andĈ functions can be found in Appendix B. We note that in addition to Fig. 1d there is another wave function renormalization diagram with the loop on the outgoing electron leg. The corresponding correction is the same as for the diagram in Fig. 1d , so we do not list it separately. The contribution of the wave function renormalization diagrams to the total correction comes with a factor of 1/2, so in effect the total correction is simply given by a sum of individual contributions in Eq. (19) . The analogous contribution to the (left-handed) neutrino final state is
The resulting total corrections are
These corrections are finite as they should be. This can be seen from the relations
and the fact div(Ĉ 24 ) = −1/2 div(B 1 ) whileĈ 0 andĈ 23 are finite.
Neutralino Contributions
Because of their bino component, neutralinos induce corrections to both the left and right couplings of the leptons. Starting with the correction to the right-handed charged lepton coupling, we have
The corrections to the left-handed charged lepton coupling are given by
Finally, the neutrino coupling corrections are
The total corrections are given by
δh
These expressions are finite due to the relations
and the fact that the combination 2Ĉ 24 + B 1 is finite. Note that the diagrams in Figs. 3a, 4a, 5a are individually finite. The reason is transparent in the weak eigenstates basis: only the higgsinos couple to Z, and we retain only the gaugino coupling to the leptons, so a mass insertion is necessary on each fermion line to complete the diagram.
Decoupling of Heavy Superpartners
In this subsection we demonstrate explicitly the decoupling of heavy SUSY particles. As the SUSY mass scale increases, the gauginos and higgsinos become approximate mass eigenstates and V, U can be chosen such that
In 
Each of the expressions in the curly brackets vanishes, see Appendix B. Note that even though the corrections in Eq.31 are linear in M Z /m susy , the SUSY contributions decouple quadratically, as they should. Similarly, for the neutrino final state we have
Concerning the neutralino contributions, let us first consider δh
. Since the mixing between the gauginos and higgsinos vanishes in the decoupling limit, we have
As a result, the combination O ′′ L ij N * i1 N j1 vanishes in this limit. Therefore
Again, the combination in the curly brackets vanishes (see Appendix B). The same arguments are valid for the neutralino corrections to the couplings of the left-handed leptons.
Numerical Analysis
To separate out the effect of vertex corrections, we pursue the strategy of Refs. [6] - [9] , [16] . That is, we utilize only those observables which can be expressed as ratios of the weak couplings. The effect of oblique corrections [17] then either cancels in the ratios or can be absorbed into effective sin 2 θ W . In the fit, we leave sin 2 θ W as a free parameter and parameterize the vertex corrections as δh ν , δh l L , and δh l R . In addition, we retain α s (M Z ) as a free parameter since its value is determined from R l . The fit value of δ(sin 2 θ W ) is not used for constraining the model due to its model dependence. Specifically, δ(sin 2 θ W ) depends on the Higgs, squark, etc. masses and thus is not particularly useful in our general analysis.
We impose the following (direct search) constraints on the SUSY spectrum [18] :
We assume that the lepton parameters are generation-independent since lepton-universality breaking corrections are quite constrained (see, for example, the second reference in [6] ); in any case this assumption is not important for our analysis.
Before we proceed, a few comments are in order. First, note that µ is determined by a particular combination of the Higgs mass parameters (i.e. m 2
. Thus having fixed µ, the squark masses and the "orthogonal" combination of the Higgs mass parameters remain free. This freedom results in the uncertainty in the oblique corrections mentioned above. However, to be specific, we will fix them in our numerical analysis still assuming the freedom in the oblique corrections. Second, our results are presented in terms of the high energy parameters. Since we do not generally assume a particular framework or relations among the soft breaking parameters, one might wonder why not interpret our results directly in terms of the low energy quantities. However, not every low energy set of parameters can result from some high energy boundary conditions, especially consistent with radiative electroweak symmetry breaking. To cite just one example, heavy gluinos and light squarks at low energies are inconsistent with high energy boundary conditions if we are to avoid color breaking minima [19] . Thus, to be safe, we will generate each low energy set of parameters via the RG running.
Numerically R ν/e is sensitive to the vertex corrections δh i and much less sensitive to the oblique corrections: 
Since the SM prediction for R ν/e is above the measured value whereas that for the lepton asymmetries is below the measured values, δh e L < 0 is favored by both R ν/e and A i , A F B . As shown below, δh e L in the MSSM is typically larger than δh ν and δh e R . To get a feeling 2 θ W are also displayed. The other GUT scale parameters are ml = 10 GeV, mẽ = 85 GeV, M 1 = 100 GeV, M 3 = 150 GeV, A = 100 GeV, tan β = 5 and the scalar mass parameter (except for sleptons) is set to 100 GeV.
for the value for δh e L preferred by the fit, set δh ν = δh e R = 0 and fit R i , A i , A F B with three parameters: δh e L , δα s , and δs 
R ν/e strongly pulls δh e L to be negative, resulting in a large correction to R l which is in turn compensated by a large δα s . In addition to a genuine shift in α s , our "effective" δα s parametrizes potential corrections to Γ(Z → hadrons) from the squark/Higgs sectors. This is, of course, just a "toy" fit. As we will see below, for a viable MSSM model all the shifts are much smaller. Qualitatively, however, the picture remains the same -a negative δh e L is preferred by the data. Consider now the lepton vertex corrections in the MSSM. In Figs.6-9 we display the vertex corrections δh ν , δh e L , and δh e R as functions of M 2 and tan β. Note that δh ν and δh e L are quite sensitive to M 2 , whereas its effect on δh e R is negligible as it arises only via the RG running. In most of the parameter space, δh e L dominates the other corrections; it has the right sign (negative) to mitigate the invisible width "anomaly", especially for the positive sign of the µ-term (which is also preferred by the g µ − 2 measurement). We find that the regions of the parameter space where SUSY contributions improve the agreement with the measured values of g µ − 2 and R ν/e are generally compatible, see for instance Ref. [20] .
In Figs. 10 and 11 , we display the corresponding shifts in R ν/e as functions of M 2 and tan β (keeping sin 2 θ W fixed). Varying M 2 from 135 to 250 GeV corresponds to varying the light chargino mass from 95 to 180 GeV. Fig. 12 shows the dependence of R ν/e on the GUT left slepton mass parameter ml; its range 10-200 GeV translates into the slepton mass mẽ L range of 104-225 GeV.
The error bar for R ν/e is 0.008 (see Table 2 ), so the supersymmetric contributions can only be responsible for the shift of about 0.2σ. This suppression results partly from the cancellation between the neutrino and left-handed electron contributions. Indeed, if the chargino is a pure gaugino and the sneutrino and left selectron masses are equal, δh ν = −δh e L in the M Z → 0 approximation and the resulting contribution to R ν/e is very small (Eq.36). Alternately, if the chargino is a pure higgsino, the corresponding couplings are very much suppressed and the resulting δR ν/e is negligible. One thus expects the largest correction when there is a large splitting between the sneutrino and left selectron masses (which is severely bounded by the SU(2) symmetry) and/or when the chargino is a gaugino-higgsino mixture (M 2 /µ ∼ 1)
† . The dependence on other input parameters is significantly weaker. An increase in M 3 affects the µ-term via the radiative EW symmetry breaking condition, which in turn results in heavier charginos and neutralinos. The effect of M 1 is not significant due to the subdominant role of the neutralino contributions. For the same reason the dependence on the masses of the right sleptons is weak.
For completeness, below we provide representative low energy parameters for our studies. The GUT scale parameters ml = 10 GeV, mẽ = 85 GeV, m 0 = 100 GeV, M 1 = 100 GeV, M 2 = 135 GeV, M 3 = 200 GeV, A = 100 GeV, φ µ = 0, where m 0 is the mass parameter for the scalars other than sleptons, lead to the following low energy spectrum 
We now turn to the discussion of the fit. In Table 1 we present our fit results for different values of M 2 . That is, we fix the lepton vertex corrections using our GUT parameters in the fit and calculate the corresponding χ 2 (d.o.f.= 12-2). The parameters δs 2 and (effective) δα s are left as free fit parameters, which means that the Higgs and the squark sectors "adjust" themselves so as to give the best fit results.
To determine if there is any improvement over the SM, we perform a fit for the SM under the same circumstances, i.e. lepton vertex corrections set to zero, δs 2 and δα s free to account for a variation in the Higgs mass and α s . The Standard Model fit gives
If the chargino is light (100 GeV), the MSSM fit gives χ 2 = 11.09. We see that the SUSY vertex corrections indeed improve the fit due to the improvement in R ν/e and the lepton asymmetries. The quality of the fit quickly approaches that of the SM as the chargino mass increases. We note that the best fit value of δsWe have analyzed leptonic electroweak observables in the general MSSM. We find that supersymmetry can mitigate some of the discrepancies between the Standard Model predictions and the observed values. Namely, it produces vertex corrections of the right sign to improve agreement with R ν/e and the leptonic asymmetries. As a result, the electroweak fit is improved from χ 2 = 11.44 (SM) to χ 2 = 11.09 (MSSM). This required a light (∼ 100 GeV) chargino and relatively light (100-250 GeV) sleptons.
Although the improvement from statistical point of view is not very significant, it is quite encouraging since in the same region of the parameter space the g µ −2 discrepancy is also mitigated. This is to be contrasted with a number of "new physics" models considered earlier [6] - [9] , all of which made the electroweak fit worse. The improvement of the fit requires light superpartners which can be detected in collider experiments in the near future.
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A Appendix: Notation and Conventions
We use the following (chiral) representation of the Dirac matrices:
where
The left and right components of a Dirac spinor and the corresponding projectors are defined by
The charge conjugated spinor is given by
In terms of the two-component spinors this corresponds to
Free fermions satisfy the following Dirac equation in the two-component notation
The corresponding propagators read
The following identities are useful for calculating Feynman diagrams in terms of the twocomponent spinors:
B Feynman Integrals
Here we make explicit our notation for the scalar and tensor integrals that appear in the calculation. The definitions of the integrals are slightly different from those of Ref. [21] . The hat on the tensor integrals serves as a reminder of these differences.
B.1 Scalar Integrals
We define the functions B 0 andĈ 0 by:
The general form of B 0 is given by 
The function F (p 2 ; m 1 , m 2 ) vanishes in the limit p 2 → 0. The general form of theĈ 0 function is fairly complex and we refer the reader to Ref. [21] . The special case relevant for our calculations iŝ 
B.2 Tensor Integrals
Definition and general form of B 1 :
Note the following useful relations among the B-functions: Definition of the C-functions: (Note the difference from the definitions in Ref. [21] .)
For the purpose of this paper, we will only need to evaluate these functions for p 2 = q 2 = 0 (we neglect final state fermion masses). Q 2 = (p − q) 2 = −2p · q will then be the invariant mass squared of the initial vector boson. For this parameter choice, the C-functions can be expressed in terms of the B-functions andĈ 0 as:
We do not list expressions forĈ 21 norĈ 22 since we do not use them in this paper. Table 2 : LEP/SLD observables and their Standard Model predictions. The data are from Refs. [5] and [23] . The Standard Model predictions were calculated using ZFITTER v.6.21 [24] with m t = 174.3 GeV, m H = 300 GeV, and α s (m Z ) = 0.120 as input. 1.000 Table 3 : The correlation of the Z lineshape variables at LEP. The correlation of R ν/e with A FB (e) is +0.28, while its correlation with the µ and τ observables is negligible. 
B.3 Decoupling Limit
(a) (b) (c) (d) Figure 4 : Neutralino-selectron corrections to the Ze L e L vertex. Figure 7: Vertex corrections to the Zff couplings as a function of the GUT scale parameter M 2 for φ µ = π. 1 -δh ν , 2 -δh e L , 3 -δh e R . The other GUT scale parameters are ml = 10 GeV, mẽ = 85 GeV, M 1 = 100 GeV, M 3 = 200 GeV, A = 100 GeV, tan β = 3. The other scalar mass parameters are set to 100 GeV and the CP-phases are set to zero. 
